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Abstract
We investigate in detail the problem of confined pressure-driven laminar flow of neutrally buoyant
non-Brownian suspensions using a frictional rheology based on the recent proposal of Boyer et al.
(2011a). The friction coefficient (shear stress over particle normal stress) and solid volume fraction
are taken as functions of the dimensionless viscous number I defined as the ratio between the
fluid shear stress and the particle normal stress. We clarify the contributions of the contact and
hydrodynamic interactions on the evolution of the friction coefficient between the dilute and dense
regimes reducing the phenomenological constitutive description to three physical parameters. We
also propose an extension of this constitutive framework from the flowing regime (bounded by the
maximum flowing solid volume fraction) to the fully jammed state (the random close packing limit).
We obtain an analytical solution of the fully-developed flow in channel and pipe for the frictional
suspension rheology. The result can be transposed to dry granular flow upon appropriate redef-
inition of the dimensionless number I. The predictions are in excellent agreement with available
experimental results for neutrally buoyant suspensions, when using the values of the constitutive pa-
rameters obtained independently from stress-controlled rheological measurements. In particular, the
frictional rheology correctly predicts the transition from Poiseuille to plug flow and the associated
particles migration with the increase of the entrance solid volume fraction.
We also numerically solve for the axial development of the flow from the inlet of the channel/pipe
toward the fully-developed state. The available experimental data are in good agreement with
our numerical predictions, when using an accepted phenomenological description of the relative
phase slip obtained independently from batch-settlement experiments. The solution of the axial
development of the flow notably provides a quantitative estimation of the entrance length effect in
pipe for suspensions when the continuum assumption is valid. Practically, the latter requires that
the predicted width of the central (jammed) plug is wider than one particle diameter. A simple
analytical expression for development length, inversely proportional to the gap-averaged diffusivity
of a frictional suspension, is shown to encapsulate the numerical solution in the entire range of flow
conditions from dilute to dense.
Keywords Granular media, suspensions, porous media, particle/fluid flow
1 Introduction
Phenomenology of non-Brownian suspension flow distinguishes between several regimes based on the
value of the solid volume fraction φ: dilute, concentrated, and dense as the “flowing” limit φ → φm is
approached (e.g. Stickel and Powell , 2005). In the dilute regime (φ . 0.2), the mixture behaves as a
Newtonian fluid whose apparent viscosity is a slowly increasing function of the solid volume fraction
(Einstein, 1906; Batchelor and Green, 1972), and the normal stress components acting on the solid phase,
hereafter referred to as the particle or effective normal stresses, are negligible (e.g. Stickel and Powell ,
2005). The upper bound of the dilute regime appears to be related to the percolation threshold for a
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transient cluster (De Gennes, 1979). Above this threshold, i.e. in the concentrated regime, suspension
develops distinct compressive particle normal stress (Deboeuf et al., 2009; Dbouk et al., 2013b), and the
apparent viscosity of the mixture increases significantly with the solid volume fraction (Krieger and
Dougherty , 1959). No relative slip between the fluid and solid phases for low Reynolds number flows
has been measured in this regime to the accuracy of the experimental methods (Lyon and Leal , 1998a;
Isa et al., 2010). For yet larger solid volume fraction, approaching the jamming/flowing transition
φ → φm, the apparent viscosity diverges, and a finite frictional yield stress is approached in this limit
even when the base fluid is strictly Newtonian. The reported values for the flowing limit of mono-
disperse suspensions, φm ≈ 0.585 in the effective stress controlled experiments of Boyer et al. (2011a)
and φm ≈ 0.605 from the local MRI measurements of Ovarlez et al. (2006), are distinctly lower than the
random close packing value φrcp ≈ 0.63− 0.64. Above the flowing limit (φ > φm), the macroscopic solid
velocity is zero and the medium behaves as a porous granular solid, through which the base fluid phase
can percolate. In that limit, the relative phase slip governs pore fluid pressure diffusion “a la Darcy”
(Bear , 1972).
Recently, dense suspension rheology has been investigated experimentally by (Boyer et al., 2011a)
under conditions of a simple shear flow at a fixed applied particle normal stress −σ′n (with the convention
of positive stress in tension). Their results indicate that the suspension exhibits an apparent shear-
thinning behaviour under constant particle normal stress conditions (i.e. the apparent viscosity decreases
with the shear-rate). This behaviour is to be contrasted with an apparent Newtonian behaviour when
the solid volume fraction is imposed and the particle normal stress is allowed to vary (increase) with
the shear-rate. Boyer et al. (2011a) further show that suspensions, akin to dry granular media, can be
phenomenologically described by a viscoplastic frictional rheology, fully characterized by the dependence
of the friction coefficient µ = τ/(−σ′n) and the volume fraction φ on a dimensionless viscous number
(Cassar et al., 2005)
I =
ηf γ˙
−σ′n
which contrasts the relative magnitudes of the viscous shear stress ηf γ˙ (ηf is the viscosity of the base
fluid and γ˙ is the macroscopic shear rate) and the particle normal stress −σ′n, respectively. The friction
coefficient µ(I) evolves from a static value µ1 in the jamming limit I = 0 of a dense suspension to a
diverging value ∼ I + 52φmI1/2 for large I in a dilute flow. This evolution spans the range of behaviors
from the pressure-dependent frictional granular solid in the dense limit, τ = −µ1σ′n, to the Newtonian
fluid in the dilute limit, τ = ηf γ˙.
In this work, we review the frictional suspension rheology and consider an extension from the flowing
regime to the jammed, non-flowing state. We point out that such an extension is necessary to model
pressure-driven suspension flows, which are characterized by the existence of a jammed central “plug”,
and to our knowledge has not been explicitly recognized in previous modeling attempts. We propose
that non-flowing material compacts with the decreasing stress ratio, from the maximum flowing solid
volume fraction φm at the flow threshold µ = µ1 to the random close packing value φrcp at µ ∼ 0.
The compaction of the non-flowing pack is formally similar to the dilatant/compactive behavior of the
flowing material. However, the driving mechanisms behind the flowing and non-flowing compaction have
to be distinct. In the former, the macroscopic shear flow enables changes of the particle pack, while
in the latter, non-flowing packs, we hypothesize that microscopic, “in-cage” particle rearrangements are
enabled by the velocity/pressure fluctuations in the surrounding flowing material. Notwithstanding the
origin of the fluctuations, the latter mechanism appears to be similar to the compaction of a static
granular pack in tapping and cyclic shear experiments (e.g. Knight et al., 1995; Pouliquen et al., 2003).
We use the extended frictional rheology to obtain solution for pressure-driven flow in a channel and
a pipe of a non-Brownian, neutrally buoyant suspension of hard mono-dispersed spheres in a Newtonian
liquid under the condition of negligible inertia. Such type of flows has been extensively investigated
both experimentally (Karnis et al., 1966; Leighton and Acrivos, 1987; Sinton and Chow , 1991; Lyon
and Leal , 1998a; Hampton et al., 1997) and theoretically with suspensions balance models (Nott and
Brady , 1994; Mills and Snabre, 1995; Fang et al., 2002; Miller and Morris, 2006; Dbouk et al., 2013a;
Ramachandran and Leighton, 2008; Ramachandran, 2013) among others. In such confined flow, the
velocity profile transitions from a Poiseuille to plug-like shape when the entrance solid volume fraction
increases. The frictional rheology has the advantage of combining the existence of a yield stress, which
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value depends on the magnitude of the particle normal stress, and the evolution of the shear and normal
viscosities with solid volume fraction, similar to suspension balance models. It is therefore of interest to
test its prediction on pressure-driven flow for which experimental results for velocity and solid volume
fraction profiles across the gap are available in the literature. We develop an analytic solution for the
fully-developed flow, and then study numerically how the flow evolves with distance from the inlet of the
channel or pipe towards the fully-developed state. The predictions based on these solutions compare very
well to the published experimental results. Importantly, these comparisons are drawn for the solutions
which are devoid of any matching parameters, i.e. the constitutive parameters of the frictional rheology
are identified independently from rheological experiments of Boyer et al. (2011a) and a phenomenological
description of the intrinsic solid-pack permeability function (or, alternatively, sedimentation hindrance
function) is based on existing extensive compilations of fluidization and batch settlement experiments
(Garside and Al-Dibouni , 1977; Davis and Acrivos, 1985).
To aid with navigating this paper’s notation, we acknowledge that starting with Section 4 (formu-
lation for flow in a channel) and onwards, we make use of the normalized field variables, using scales
defined by (19)-(21). A recourse back to the dimensional form of these variables, where not obvious, is
explicitly acknowledged.
2 Continuum model for dense suspension/ wet granular media
2.1 Conservation laws
As already defined, φ is the solid volume fraction, vf and vs are the local average fluid and solid Eulerian
velocities, respectively, and u = φvs + (1− φ)vf is the mixture velocity. We assume that both fluid and
solid constituents are incompressible (taken separately). The continuity equations for the solid phase
and the mixture are then, respectively,
∂φ
∂t
+∇ · (φvs) = 0 (1)
∇ · u = ∇ · (q + vs) = 0 (2)
where a relative phase slip velocity (with respect to the solid velocity) was introduced (Bear , 1972)
q = (1− φ) (vf − vs) = u − vs
It will be convenient to also use an alternative form of the solid phase continuity, which is referred
to as the consolidation equation in the porous media literature (e.g., Bear , 1972),
1
φ
dsφ
dt
= ∇ · q (3)
where dsφ/dt = ∂φ/∂t+ vs · ∇φ is the solid material time derivative.
2.1.1 Balance of momentum, drag force
Neglecting inertial terms, the balance of the mixture momentum, in the absence of body forces, reduces
to:
∇ · σ = 0 (4)
where the total stress tensor σ = σf + σ ′ is the sum of the fluid σf and particle (effective) σ ′ stress
tensors (von Terzaghi , 1940). In the remainder of this paper, we will make use of the fluid (pf ), particle
(p′), and mixture (p = pf + p′) pressure, defined as the respective mean stress value taken positive in
compression, and of the mixture stress-deviator tensor τ = σ + pI .
In addition to (4), the balance of momentum of either the fluid or solid phases is needed to describe
the two-phase continuum. For the fluid phase (see (Jackson, 2000) for more details),
(1− φ)∇ · σf −F = 0
3
where the force F is the total interaction force between the solid and fluid phases, besides the buoyancy
φ∇ · σf . For negligible Reynolds number, the latter is limited to drag force, which is proportional to
the phase slip velocity (Bear , 1972)
F = (1− φ) ηf
k(φ)
q with k(φ) = a2κ(φ), (5)
where k is the intrinsic permeability of the solid particles assembly, κ its normalized form, a the particle
size (radius), and ηf the fluid viscosity. The combination of the fluid phase balance of momentum and
the expression for the drag force gives:
q =
a2κ(φ)
ηf
∇ · σf (6)
which is further reduced to Darcy’s law under the assumption of negligible fluid shear stress (σf ≈ −pfI ).
For granular porous media, a classic choice for the permeability dependence on the solid volume fraction
is given by the Kozeny-Carman law κ(φ) = (1− φ)3/45φ2 (Kozeny , 1927; Carman, 1937).
In the suspension rheology literature, the balance of momentum for the solid phase is used instead to
derive an expression for the particle slip velocity with respect to the bulk, vs − u = −q, (e.g., Jackson,
2000), which in the absence of body forces has the form:
− q = 2a
2
9ηf
f(φ)
φ
∇ · σ ′ (7)
where f(φ) is the sedimentation hindrance function, evaluated in batch sedimentation (σ ′ = u = 0) as
the ratio of the particle settling velocity in the suspension to the terminal settling velocity of a single
particle in clear fluid.
The two formalisms (equations (6) and (7)) are equivalent in view of (4) when the scaled permeability
κ(φ) is uniquely related to the hindrance function f(φ),
κ(φ) =
2
9
f(φ)
φ
(8)
A particularly simple empirical form of the hindrance function, f(φ) = (1− φ)α with α = 4.65,
was proposed by Richardson and Zaki (1954) based on a number of fluidization experiments at low
Reynolds numbers. The value of the exponent was later slightly revised to α = 5.1 by Garside and
Al-Dibouni (1977) (see also Davis and Acrivos (1985)) based on the extensive study of fluidization and
batch settlement experimental data available at the time. Figure 1 exemplifies how remarkably well
the Richardson-Zaki phenomenology with α = 5.1 reproduces the experimental results of Bacri et al.
(1986), obtained using very accurate acoustic measurements of sedimentation fronts1, and the results of
the direct numerical calculations of transport properties from dispersion of hard spheres (Ladd , 1990).
The expressions of Kozeny-Carman andMills and Snabre (1994), respectively, as well as the Richardson-
Zaki relations with α = 2 and α = 4, are also shown in figure 1 for comparison purposes.
2.2 Frictional rheology
In the rheology of suspension, constitutive relations for the evolution of the shear ηs and normal ηn
viscosities of the mixture as function of the solid volume fraction φ are often used in so called suspension
balance models (Morris and Boulay , 1999; Zarraga et al., 2000; Miller and Morris, 2006). Here, we
use the frictional rheology proposed by Boyer et al. (2011a) to describe the constitutive behavior of
dense suspension. Such a constitutive model is akin to a frictional viscoplastic law. A similar frictional
framework has been successfully proposed for dry granular flow in the liquid regime (MiDi , 2004; Forterre
and Pouliquen, 2008; Jop et al., 2006, and references therein).
For such a complex two-phase fluid, the effective stress, shear stress, shear rate, and solid volume
fraction are intrinsically related, and only two of these four field variables can be prescribed indepen-
1
4
ç
ç
ç
ç
ç
ç
ç
çç
ç
ççç
ç
+
++++
++++
+++
++
+
+
+
+
++
++
H1-ΦLΑ
Mills&Snabre
Kozeny&Carman
Α=2
Α=5.1 Α=4
ç, +  Bacri et al. (lab)
       Ladd (num)
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.01
0.1
1
Φ
fl
ow
hi
nd
er
an
ce
fu
nc
tio
n,
fHΦ
L
Figure 1: Different phenomenological expressions for the hindrance function f(φ) in log-linear scale
(with the corresponding normalized permeability function given by κ(φ) = 2f(φ)/9φ) are contrasted to
the data from batch sedimentation experiments (Bacri et al., 1986), and from the numerical simulations
of the dispersion of hard spheres (Ladd , 1990). The Richardson and Zaki (1954) empirical form, f =
(1− φ)α with α = 5.1 (Garside and Al-Dibouni , 1977; Davis and Acrivos, 1985), and Mills and Snabre
(1994) theoretical expression, f = (1− φ)/(1+ 4.6φ/(1− φ)3), are in excellent agreement with both the
experimental and numerical data over the entire (flowing) range of the solid volume fraction. Kozeny-
Carman’s expression, f = (1− φ)3/10φ, provides an adequate approximation of the sedimentation data
for all but dilute (φ . 0.1) suspensions.
dently. For a simple shear flow, Boyer et al. (2011a) write a frictional relation for the mixture shear
stress and the effective (particle) confining stress and an evolution of the solid volume fraction as
τ = µ(I) (−σ′n) φ = φ(I) (9)
where macroscopic friction coefficient µ and the solid volume faction φ are functions of the viscous
number I, defined as a ratio of the viscous shear stress in the fluid to the particle confining stress,
I =
ηf γ˙
−σ′n
(10)
This number was originally proposed by Cassar et al. (2005) based on a micro-mechanical consideration
of timescales controlling the solid particles motion in a suspension. For large values of this dimensionless
number, the stress transmitted through short-range particle interactions (contacts, lubrication), which,
we further refer to as “contacts” for brevity, is negligible compared to the fluid viscous stress: hydro-
dynamics interactions dominate the behavior of the suspension. This limit corresponds to the dilute
regime. On the contrary, for small I, short-range particle interactions dominate the suspension behavior
and the macroscopic friction coefficient tends to a constant thus defining an effective pressure-dependent
yield stress. Based on rheological experiments performed under effective normal stress control on two
different suspensions of mono-disperse spheres in Newtonian fluid, Boyer et al. (2011a) propose the
following phenomenological relation for the friction coefficient as a function of the viscous number:
µ(I) = µ1 +
µ2 − µ1
1 + I0/I︸ ︷︷ ︸
µcont
+ I +
5
2
φmI
1/2︸ ︷︷ ︸
µhydro
(11)
This law combines a contribution from particle contacts µcont(I) similar to the one reported for dry
granular media and a hydrodynamic contribution µhydro(I) designed to recover the behavior of the
dilute regime. The second constitutive equation relates the solid volume fraction law to the viscous
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Figure 2: Selected frictional rheologies of a flowing suspension, which relate the stress ratio / friction
coefficient µ, solid volume fraction φ, and the viscous number I, contrasted to experimental data of Boyer
et al. (2011a), obtained for nearly mono-dispersed suspensions in annular shear cell under effective stress
control (◦, , ), and Dbouk et al. (2013b), obtained in a parallel plate rheometer with local pressure
measurements (•).
number I, and chosen by Boyer et al. (2011a) in the following form
φ(I) =
φm
1 + I1/2
(12)
As can be seen from figure 2, relations (11)-(12) with µ1 = 0.32, µ2 = 0.7, φm = 0.585, and I0 = 0.005
reproduce very well experimental results of Boyer et al. (2011a) and Dbouk et al. (2013b).
As shown by Boyer et al. (2011a), a frictional rheology (9) with (10) is formally equivalent to
suspension balance rheology (e.g., Morris and Boulay , 1999; Stickel and Powell , 2005)
τ = ηfηs(φ)γ˙ σ
′
n = −ηfηn(φ)γ˙
when the relative shear and normal viscosities are expressed as ηs = µ(I)/I and ηn = 1/I, respectively,
and I = I(φ), (9). The shear and normal viscosity functions of the solid volume fraction proposed
in the literature (e.g. Krieger and Dougherty , 1959; Morris and Boulay , 1999; Boyer et al., 2011a)
diverge when φ tends toward φm (i.e. when the shear rate tends to zero), highlighting the presence of a
frictional yield stress, as intrinsically present in the frictional rheology. The ratio of the two suspension
viscosities defines the friction coefficient, i.e. µ = ηs/ηn. A frictional yield stress will thus be present
only if limφ→φm ηs(φ)/ηn(φ) tends to a finite constant, i.e. if the two viscosities diverge at the same rate
∼ 1/I(φ),e.g. ∼ (φm − φ)−2 per (12).
Along the above lines, the rheology of Morris and Boulay (1999) (see also Fang et al., 2002; Miller
and Morris, 2006) provide an example of suspension-balance rheology characterized by a finite frictional
yield stress. Indeed, their rheology can be shown to be equivalent to
µ(I) = µ1︸︷︷︸
µcont
+ I +
5
2
φm
I1/2
K
1/2
n︸ ︷︷ ︸
µhydro
φ(I) =
φm
1 +K
1/2
n I1/2
(13)
where µ1 = 0.133, Kn = 0.75, and φm = 0.68 are used by these authors to fit their model predictions to
wide-gap Couette flow data of Phillips et al. (1992). (Note that the authors make use of the parameter
Ks = µ1Kn instead of µ1). The rheology (13) is qualitatively similar to that of Boyer et al. (2011a)
(equations (11)-(12)) with one significant distinction being in the contribution of particle contacts to
friction (µcont). For the rheology of Morris and Boulay (1999), µcont is a constant given by the jamming
value µ1, while for the experimentally-derived rheology of Boyer et al. (2011a), µ
cont is increasing with I
6
from the minimum value µ1 at I = 0. Figure 2 shows that, although the two rheologies are qualitatively
similar, the rheology of Morris and Boulay (1999) does not represent the experimental data very well
quantitatively, which can be tracked to their choice of the jamming values of the solid volume fraction
(overestimated φm) and the friction coefficient (underestimated µ1), as well as the lack of dependence
of their contact contribution µcont on the viscous number.
2.2.1 Alternative form of the friction expression
Although the functional form (11) of the friction law µ(I) proposed by Boyer et al. (2011a) provides a
very good match to the experimental data, we do observe a slight inconsistency between their functional
form and the interpretation of µcont and µhydro as the terms contributing to the total friction coefficient
µ = µcont+µhydro from physically distinct “contact” and “hydrodynamic” interactions between the par-
ticles in a suspension, respectively. (This distinction may be blurred in the intermediate flowing regime,
but is apparent in the two end member regimes corresponding to φ → φm and φ → 0, respectively).
Specifically, the departure of the friction coefficient from the jamming limit (µ = µ1 at I = 0) with
increasing shear rate in Boyer et al. framework, µ − µ1 = 52φmI1/2 + O(I), is given by the Einstein’s
term. This appears to be at odds with the physical origin of the Einstein’s term which lies in the
suspension’s dilute limit.
We suggest to model the contact dominated response of a dense suspension, µcont, by a simple linear
dependence on the solid volume fraction
µcont = µ1 +
φm − φ
β
(14)
where β = −(dφ/dµ)cont is a “compressibility” coefficient. This linear relation with
φm = 0.585 µ1 = 0.3 β = 0.158
provides an excellent approximation to the available data when recasted onto the (φ, µ) plane on figure
3. Importantly, a linear relation between µ and φ in the dense regime has also been corroborated for
dense dry granular media in numerical 2D simple shear experiments (da Cruz et al., 2005; Rognon et al.,
2008) and in the laboratory (Craig et al., 1986). A friction law, which is not limited to the dense regime,
is then put together similarly to Boyer et al. (2011a) by adding a “hydrodynamic” interactions term to
the “contact” ones,
µ(φ) = µ1 +
φm
β
(
1− φ
φm
)
︸ ︷︷ ︸
µcont
+
(
I(φ) +
(
5
2
φm + 2
)
I(φ)1/2
)(
1− φ
φm
)2
︸ ︷︷ ︸
µhydro
(15)
and adopting Boyer et al.’s relation (12) between the viscous number and the solid volume fraction,
I(φ < φm) = (φm/φ− 1)2 and I(φ ≥ φm) = 0. (16)
We comment on the form of µhydro in (15) which is similar to the Boyer’s µhydro in the dilute limit (φ→ 0
or I → ∞), which in itself is equivalent to the Einstein’s correction. This dilute limit is weighted by a
quadratic prefactor ∼ (φm−φ)2 in (15) in order to enforce the dominance of the “contacts” interactions
(14) in the dense regime, i.e. µ = µcont(φ) +O(φm − φ)3.
Similarly to the original Boyer’s rheological expression (11), the framework (15) provides a very good
match to the experimental data (figures 2 and 3), and, as to be seen in Section 4, the two constitutive
frameworks yield close quantitative predictions for the fully-developed suspension flow in a channel
or a pipe for all but very dense flows (with average φ & 0.5). One can thus legitimately wonder
whether this “fine-tuning” of the frictional rheology is at all necessary. In fact, the advantage of the
alternative frictional description becomes fully apparent when considering the axial flow development.
It is to be shown in section 5 that, similarly to previous studies using suspension balance models, the
flow development is driven by the cross diffusion of the particle normal stress. This stress diffusion is
governed by the “hydraulic conductivity” k(φ)/ηf and the “compressibility” parameter of the suspension
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Figure 3: Solid volume fraction φ vs. stress ratio µ = τ/(−σ′n), (a), for the selected frictional rheologies
contrasted to the experimental data of Boyer et al. (2011a) and Dbouk et al. (2013b). Dotted line shows
a linear fit with the slope of β ≈ 0.158 to the experimental data in the dense regime (see also the close-up
of this regime shown in (b)), which is identified with the contribution of particle contacts to friction,
µcont(φ), in rheology Eq. (15), shown by solid red line. The latter rheology allows simple (linear)
continuation into the jammed regime (φm < φ < φrcp), where solid fraction relaxes to the maximum
value φrcp ≈ 0.632 with either decreasing shear stress or increasing effective mean stress.
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Figure 4: Inelastic “compressibility”parameter (−dφ/dµ) as a function of a flowing solid volume fraction
φ < φm for three frictional rheologies, as in figure 2. Corresponding jamming points are shown by a
cross. The modification of the Boyer et al.’s rheology (Eq. (15), red line) regularizes the latter in the
dense flowing regime, and allows simple continuation into the jammed regime (φm < φ < φrcp) using
the asymptotic compressibility β = 0.158 (dotted line).
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(−dφ/dµ). The latter is shown on figure 4 for the original Boyer et al. (2011a) and the modified frictional
models. Clearly, the expression (13) proposed by Boyer et al. (2011a) results in a seemingly degenerate
behavior of the compressibility parameter in the dense regime, which impacts the flow axial development
prediction and hinder the numerical treatment of the problem.
2.2.2 Extension to non-flowing state
In writing constitutive equations in the form (15-16), we effectively extended the linear relation between
the solid volume fraction and the stress ratio µ, found experimentally in the dense flowing regime, to the
jammed state (φ > φm). We can find the corresponding maximum value of the solid fraction that can be
achieved if the stress ratio is allowed to vanish in this constitutive description, φ→ φm+βµ1 ≈ 0.632 ≈
φrcp as µ = −τ/σ′n → 0 (where we have used φm = 0.585, β = 0.158, and µ1 = 0.3 as corroborated
before). This value is conspicuously similar to the random-close-packing value φrcp for mono-dispersed
spheres, estimated in the range between 0.63 and 0.64 (e.g., Scott and Kilgour , 1969; Berryman, 1983).
We therefore hypothesize that the random close packing in the jammed part of otherwise flowing granular
system can be achieved by either increasing particle normal stress(to infinity) while maintaining fixed,
non-zero value of the shear stress, or by decreasing the shear stress to zero while maintaining a non-
zero value of the particle normal stress. This response of the model is not inconsistent with what we
usually think of the relaxation of the jammed solid fraction from an initially flowing state. In foreseen
applications of suspension flow in various geometries, the jammed region of the flow is constantly excited
by perturbations from the nearby flowing region, similar to tapping, vibrations or particle pressure /
velocity fluctuations that are usually used to achieve closed packing from an initially loose jammed state
in experiments (e.g. Knight et al., 1995; Pouliquen et al., 2003). Thus, we can infer with this model
that the jammed state subjected to particle pressure fluctuations will evolve to the solid volume fraction
value defined by the imposed macroscopic stress ratio, φ = φ(µ). We are not aware of any laboratory
or numerical experiments that would try to quantify the dependence of the solid fraction in a jammed
system of rigid particles on the imposed macroscopic µ (that would prove or disprove our proposal), but
this issue can be probed by looking at solid fraction variation within a plug of otherwise flowing systems
(such as pressure or gravity driven flow in a channel or pipe). As we will show in Section 4.5, when
the resolution of experimental methods allow (Hampton et al., 1997), one can observe a solid fraction
gradient in the plug region of a pressure-driven flow consistent with our jammed rheology and inferred
values of the stress ratio gradient across the plug.
We also note that the random close packing has been approached in the limit of non-zero stress ratio
µ(φrcp) ∼ 0.1 in the numerical simulation of flowing (simple shear) dry granular system of frictionless
particles (Peyneau and Roux , 2008). This may indicate that our assumption of vanishing µ(φrcp) may
not be fully accurate. Accepting for a moment that µ(φrcp) > 0, would result in a finite region at
the random close packing (where the stress ration is 0 ≤ µ ≤ µ(φrcp)) within the broader jammed
plug (0 ≤ µ ≤ µ(φm)) in a pressure-driven flow in a confined geometry. This is to be compared to a
single point where the random close packing is reached within the plug when µ(φrcp) = 0 is assumed.
Resolution of the solid volume fraction measurements within a plug in the existing pressure-driven flow
experiments is insufficient to eliminate either possibility, and, thus, we settle for µ(φrcp) = 0 in this
work.
Accounting for the inelastic compaction beyond the flowing regime, suggests that formulation of the
frictional rheology using the solid volume fraction φ, as the main state variable, i.e. µ = µ(φ) and
I = I(φ), where φ spans both flowing (I > 0, φ < φm) and non-flowing (I = 0, φm < φ < φrcp)
regimes, may be a preferred form over the one using I as the main state variable. Equations (15-16),
which provide a particular form of this rheology, contain only three independent parameters, namely,
values of the solid fraction, stress ratio, and compressibility (−dφ/dµ) at the jamming transition, φm,
µ1, and β, respectively. Furthermore, in view of the proposed relation between these parameters and
the random-close-packing limit, the system can be alternatively parametrized by values of the solid
volume fraction and compressibility at random-close-packing2, φrcp and β, respectively, and by φm (or
µ1 = (φrcp − φm)/β) at the jamming transition.
2We assume, as previously, that jammed-value of compressibility is a constant, independent of φ in the jammed range
φm ≤ φ ≤ φrcp.
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2.2.3 Transient Effects
The constitutive framework discussed so far pertains to a “steady-state” flow, which assumes that the
internal relaxation time of the system in response, for example, to a change of the macroscopic shear
rate is small compared to the timescale of this change. One such relaxation process is transient inelastic
dilatancy/contraction, as may occur, for example, in the beginning or cessation of the flow. As inspired
by critical state soil mechanics Muir Wood (1990), the evolution of the system to a new steady-state
can be described by an evolution law for the transient solid volume fraction development of the form
(Pailha and Pouliquen, 2009)
1
φ
dsφ
dt
∝ γ˙ [φcs(I)− φ] (17)
where φcs(I) refers here to the “critical-state” solid volume fraction given by (12). For a pressure-driven
flow in a channel or a pipe, the macroscopic timescale of axial flow development tmacro ∼ (L/H)/γ˙,
where H is the channel half-width (pipe radius) and L ∼ H3/a2 ≫ H is the axial development length
(Nott and Brady , 1994). Consequently, the relaxation time ∼ 1/(φγ˙) associated with state evolution
(17) is negligibly small compared to tmacro, pointing to the critical-state nature of this flow.
2.2.4 Normal Stress Differences
Neutrally buoyant non-Brownian suspensions are known to develop normal stress differences with in-
creasing solid concentration (see, for example, Zarraga et al., 2000; Boyer et al., 2011b; Garland et al.,
2013; Dbouk et al., 2013b). In the case of channel flow, normal stress differences do not impact the flow
predictions when a frictional rheology linking the shear stress to the particle confining stress is assumed
(see developments of Section 3). They may however play a role in pipe flow, especially at elevated bulk
values of the solid volume fraction (see Miller and Morris (2006); Ramachandran (2013), and Appendix
A). In our treatment of the pipe flow, to the first approximation, we neglect the effect of normal stress
differences, while leaving more complete treatment of the problem to a future work.
2.2.5 Choice of kinematic variables
In the following, we will use the solid velocity vs and the relative phase slip velocity q as the kinematic
variables. Moreover, we express the frictional rheology as function of the solid shear rate. The choice
of the solid shear rate to describe the kinematic of suspension deformation stems from the fact that
in the dense regime, near jamming it is the only acceptable one in order to define a jammed state
unambiguously while allowing the fluid to percolate through the jammed medium. Moreover, for dilute
suspensions, the distinction between the fluid and solid shear rates is negligible for the case of non-
inertial flow: i.e. phase slip is small in the dilute regime. We write thus the total stress in terms of the
solid phase strain rate and write the law for the relative flux vector q neglecting the fluid shear stress
compared to the “pore” fluid pressure pf (as it is typically done in porous media flow analysis). For
the remainder of this paper, we thus drop the index “s” in the solid velocity and in the corresponding
material time derivative for clarity and write: vs = v and ds/dt = d/dt.
3 Formulation of channel flow
We now turn to the case of pressure-driven Stokesian flow of a suspension characterized by the previously
described frictional rheology in a channel. Suspension flow in a circular pipe is amenable to a similar
method of solution, which details are given in Appendix A.
3.1 Scaling
We denote as U0 a characteristic axial velocity (set here to the entrance velocity value) of the flow in
a channel with half-width H, a characteristic axial length L, and a characteristic aspect ratio of the
channel (presumably small)
δ = H/L (18)
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We assume plane flow such that the velocity is given v = vxex + vyey , where the y coordinate denotes
the direction perpendicular to the channel axis. Since the constitutive laws for the suspension described
previously are incrementally akin to a Newtonian fluid, we will use the classical Newtonian lubrication
scaling (e.g., Frigaard and Ryan (2004)). We therefore introduce the following kinematic scales
t∗ =
L
Uo
x∗ = L y∗ = H (vx)∗ = Uo (vy)∗ = δ Uo γ˙∗ =
Uo
H
(19)
shear/deviatoric stress (τ∗), particle stress (p′∗), total stress (p∗), and fluid pressure (p
f
∗) scales
τ∗ = p′∗ =
ηfUo
H
p∗ = pf∗ =
τ∗
δ
(20)
and relative phase velocity scale
q∗ ≡ a
2
ηf
pf∗
L
=
( a
H
)2
Uo (21)
This scaling reflects the expectation that the velocity component across the channel, vy, is much smaller
(by O(δ)) than the axial velocity, while the relative phase flux is more effective across the channel than
along it. The stress scales suggest that the shear stress for pressure-driven flows is much smaller than
the normal components of total stress and the pore pressure.
Finally, we choose the lengthscale L to scale the axial flow development length, the entrance length
of the flow over which the shear-driven particle migration across the channel leads to the fully-developed
state. Significant particle migration across the channel during flow development requires that the relative
phase cross-flux is comparable to the solid cross-flux, qy ∼ vy, or, in view of their scales, (19) and (21),
that aspect ratio δ = H/L is comparable to (a/H)2. This is therefore equivalent to the Nott and Brady
(1994) scaling argument prescribing the development lengthscale in the form
L = H3/a2 (22)
which is equivalent to setting δ = H/L = (a/H)2.
Hereafter, we will make use of the normalized field variables, using scales (19-21), while a recourse
back to the dimensional form of these variables, where not obvious, will be explicitly acknowledged.
3.2 Normalized equations in scaling (19-21)
In the adopted scales, the normalized two component momentum balance for the mixture becomes
0 =
∂τxy
∂y
− ∂p
∂x
+ δ
∂τxx
∂x
(23)
0 = −1
δ
∂p
∂y
+
∂τyy
∂y
+ δ
∂τxy
∂x
(24)
where both equations have been multiplied by δ.
The expressions for the normalized components of the relative phase slip vector reduce to:
qx = −κ(φ)∂p
f
∂x
= −κ(φ)
(
∂p
∂x
− δ ∂p
′
∂x
)
= −κ(φ)∂p
∂x
+O(δ) (25)
qy = −κ(φ)
δ
∂pf
∂y
= −κ(φ)
(
1
δ
∂p
∂y
− ∂p
′
∂y
)
= −κ(φ)∂σ
′
yy
∂y
+O(δ) (26)
where, in the second equation, we used (24) to substitute for ∂p/∂y, and then substituted σ′yy + p
′ for
τyy.
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The solid and mixture continuity equations become
1
φ
dφ
dt
=
(
δ
∂qx
∂x
+
∂qy
∂y
)
(27)
∂vx
∂x
+
∂vy
∂y
= −
(
δ
∂qx
∂x
+
∂qy
∂y
)
(28)
where the scaled solid material time derivative retains the exact form of its dimensional original, dφ/dt =
∂φ/∂t+ vx∂φ/∂x+ vy∂φ/∂y. Finally, the boundary conditions at the channel walls are
qy = vy = 0, vx = 0 at y = ±1 (29)
where the latter (vx) condition can be relaxed to account for finite wall slip velocity. The boundary
conditions at the channel entrance for a pressure driven flow are that for uniform axial velocity and solid
volume fraction across the gap and zero relative phase flux, i.e.
vx = vo (= 1), φ = φo, qx = 0 at x = 0 (30)
Global continuity allows to relate the entrance boundary conditions to the gap-averages (accounting for
the channel symmetry) ⟨·⟩ = ´ 1
0
(·)dy of profiles at a given location x > 0 along the channel:
⟨vx⟩+ δ ⟨qx⟩ = vo, ⟨φvx⟩ = φovo (31)
In the following, we consider a continuum (macroscopic) approximation (δ = (a/H)2 ≪ 1), which
allows, to the first order, to set δ = 0 in the above governing equations and boundary conditions3.
Reduced momentum balance equations can be integrated, and accounting for the symmetry, to yield
linear shear stress and uniform mean stress across the gap
τxy =
∣∣∣∣∂p∂xy
∣∣∣∣ p = p(x) (|y| < 1) (32)
4 Fully-developed flow
We first consider the fully-developed flow (∂/∂x = 0) which is expected to be reached for large normalized
distances x≫ 1 from the channel entrance, or, in dimensional terms for x≫ L = H3/a2, (22).
4.1 General solution
The solid and mixture volume balance equations for the fully-developed flow reduce to ∂φvy/∂y =
∂(vy + qy)/∂y = 0. In light of the no-cross-flow boundary condition at the channel wall, this leads to
vy = qy = 0 everywhere in the gap, and, therefore, uniform fluid pressure p
f = pf (x) and effective
normal stress σ′yy = σ
′
yy(x) (see (26)) in a channel cross-section.
The frictional constitutive law with shear stress τ = τxy and effective normal stress σ
′
n = σ
′
yy
components, combined with the predicted linear shear stress distribution across the gap
τ =
∣∣∣∣∂p∂xy
∣∣∣∣ = −µ(φ)σ′n(x) (33)
leads to an expected conclusion that both the mean stress gradient driving the flow and the effective
normal stress are constant, independent of position in the fully-developed channel flow,
∂p/∂x = const σ′n = const
3In view of the axial scale L = H3/a2 adopted to normalize the equations, this approximation also implies that the
channel is at least as long as L.
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Consequently, we can rephrase (33) as
µ(φ) = µw|y| (34)
where
µw = µ(φw) =
|∂p/∂x|
−σ′n
(35)
is the wall friction (at y = ±1), and φw is the corresponding wall value of the solid volume fraction.
The solid volume fraction profile φ(y) across the channel is given implicitly by (34). For the functional
form of frictional rheologies discussed in so far (e.g., equation (15)), one can analytically invert (34) for
φ. The resulting expression is omitted here for brevity, but for the simpler expression in the central
plug, corresponding to the linear jammed rheology,
φ(y) = φm + β (µ1 − µw|y|), |y| ≤ yplug = µ1
µw
(36)
where y = ±yplug are the plug boundaries.
The profile of the dimensionless viscous number I in the flowing part of the channel follows directly
from that for φ (equation (34)) by means of the constitutive relation (16). In view of the expression for
I = − |∂vx/∂y| /σ′n and (35), the shear rate profile can be expressed as a multiple of the driving total
pressure gradient
∂vx
∂y
= sgn(y)
I(φ(y))
µw
× ∂p
∂x
Integrating for the velocity profile with a no-slip condition at the walls, and using substitution dy =
dµ/µw, (34), we can obtain
vx(y) = −h(φ(y))× ∂p
∂x
(37)
where
h(φ) =
1
µ2w
ˆ φw
φ
I(φ)
dµ
dφ
dφ, (38)
and, as introduced before, φw and µw are the wall values of φ and µ, respectively. We note that since
I(φ ≥ φm) = 0, both h(φ) and velocity vx are, as expected, uniform in the central plug (|y| < yplug) and
given by their values at the plug boundary, h(φm) and −h(φm)(∂p/∂x), respectively.
4.2 Cross-sectional averages
We can use a similar ansatz to evaluate the gap-averaged axial velocity:
⟨vx⟩ = −⟨h⟩ × ∂p
∂x
(39)
where integrating separately over the plug and the flowing part, and using substitution dy = dµ/µw in
the latter, we can write for ⟨h⟩ from (38)
⟨h⟩ = 1
µ3w
ˆ φw
φm
I(φ)µ(φ)
dµ
dφ
dφ (40)
⟨h⟩ can be seen as a dimensionless gap-averaged fluidity accounting for the geometrical effect of channel
flow. For a Newtonian fluid, which is the large shear rate limit of the frictional rheology: ⟨h⟩ = 1/3.
Similarly, the gap-average of the solid volume fraction is obtained as:
⟨φ⟩ = 1
µw
ˆ φw
φrcp
φ
dµ
dφ
dφ (41)
where φrcp = φm + βµ1. Evaluating the part of the integral over the plug using (36) allows to further
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write
⟨φ⟩ = µ1
µw
⟨φ⟩plug +
1
µw
ˆ φw
φm
φ
dµ
dφ
dφ, ⟨φ⟩plug =
φm + φrcp
2
(42)
4.3 Solution for imposed entrance velocity and solid volume fraction
The two global continuity equations provide relations (31) to be solved for ∂p/∂x and the effective normal
stress σ′n given velocity vo and the entrance volume fraction φo. Specifically, for the fully developed
flow, (31) reduces to ⟨vx⟩ = vo and ⟨φvx⟩ = φovo, allowing to write
φo =
⟨φvx⟩
⟨vx⟩ (43)
The right hand side is a function of φw (or µw = µ(φw)) only, which can be evaluated, similarly to other
gap-averages evaluated so far, as follows
⟨φvx⟩
⟨vx⟩ =
1
µw ⟨h⟩
ˆ φw
φrcp
φh(φ)
dµ
dφ
dφ (44)
where h(φ) and ⟨h⟩ are given by (38) and (40), respectively. Similarly to (42), one can expand (44) by
evaluating the part of the integral over the plug.
It is important to note that the integrals (38), (40), (41) and (44) in the fully-developed solution can
be obtained analytically for particular sets of rheological functions, µ(φ) and I(φ), discussed in so far.
The resulting lengthy expressions are omitted here for brevity.
Eqs. (43-44) establish φw as an implicit function of φo, which is shown on figure 5 for fully-developed
channel and pipe flows, as amount of dilution at the wall, φo − φw, vs. φo. Since the average particle
concentration ⟨φ⟩ (equation (41)) and the half-plug yplug = µ1/µw are functions of φw only (which in
turn is a function of φo), they are completely defined by the entrance concentration φo (figures 5 and
7) and independent of the flow rate vo or the driving stress gradient. This is in line with experimental
observations which reported the independence of the scaled velocity profiles with respect to the flow
rate for all φo.
Knowing the wall value φw as a function of the entrance value φo of particle concentration and the
mean velocity ⟨vx⟩ = vo, the fully-developed flow problem is completely resolved. Indeed, since the
normalized tangent fluidity ⟨h⟩ in (39) is uniquely in terms of φw, the normalized total stress gradient
driving the flow is evaluated from the mean velocity (vo = 1) as ∂p/∂x = −1/ ⟨h⟩. The corresponding
fully-developed value of the normalized particle normal stress follows from (35), −σ′n = 1/(µw ⟨h⟩).
4.4 Results
We now examine salient features of the fully-developed flow solution by making use of the particular
frictional rheology (15)-(16) with the laboratory-constrained values of the constitutive parameters, φm =
0.585, µ1 = 0.3, and β = 0.158.
Figure 5 shows dilution, defined as the difference of the fully-developed value of particle concentration
from the entrance value, φo − φ, as a function of φo, both locally at the channel wall and as the gap-
average value. We find a small amount of gap-average dilution in the well-developed flow, i.e. ⟨φ⟩
always somewhat smaller than the entrance value φo. The dilution is larger in the channel than in a
pipe, with the maximum gap-average values of dilution, 0.034 and 0.029, occurring for φo ≈ 0.35 in
the channel and pipe flow, respectively. The amount of dilution relative to the entrance value φo, i.e.
(φo − ⟨φ⟩)/φo, continuously decreases with increasing concentration from the maximum value of about
17% for vanishing φo. These observations are consistent with previous theoretical and experimental
studies (Seshadri and Sutera, 1968; Nott and Brady , 1994; Miller and Morris, 2006), where the dilution
is attributed to the faster flow in the central part of the gap where local particle concentration is high
and slower flow of less concentrated suspension near the walls.
We also note that the fully-developed solution has the well-defined maximum flowing solid volume
fraction, maxφo = max ⟨φ⟩, given by the plug-average value ⟨φ⟩plug = (φm + φrcp)/2 ≈ 0.609 for the
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Figure 5: Dilution: change of the wall φw and the gap-average ⟨φ⟩ values of the solid volume fraction
from its entrance value φo, in the fully-developed channel (solid lines) and pipe (dashed lines) flow. The
symbols show the fully-developed limit of the dilution at the wall in the numerical solutions for axial
flow development (section 5).
channel and (2φm+φrcp)/3 ≈ 0.601 for the pipe flow. These values correspond to the termination points
of the dilution curves on figure 5.
Figure 6 illustrates profiles of the scaled velocity (vx/ ⟨vx⟩ = h/ ⟨h⟩) and particle concentration,
respectively, across the channel for various values of the entrance particle concentration φo. A transition
from Poiseuille to plug flow as the entrance solid volume fraction increases is evident in figure 6, and can
be further quantified from the plot of the increasing plug half-width (slot) or radius (pipe) with φo in
figure 7. The lower limit φo ≈ 0.25 where a flatten velocity profile has been detected experimentally for
pipe flow (Cox and Mason, 1971; Hampton et al., 1997) corresponds to a theoretical plug size of about
3% of the pipe radius.
It is also worthwhile to note that the predicted velocity/concentration profiles (based on rheology
(15)-(16) proposed in section 2.2) are very similar to the predictions based on original frictional rheology
of Boyer et al. (2011a), shown on figure 6 by dashed lines for comparison, as long as φo < 0.55. The
main difference between the two models lie in the linear compaction in the central plug allowed for in
the former, but not in the latter. The plug compaction starts to impact the velocity profile for value
of φo close to φm: the compaction significantly reduces the plug size and allows a higher velocity (see
the case φo = 0.584 on figure 6). (In fact, plug compaction allows for fully-developed flows with average
concentration exceeding the jamming value, i.e. ⟨φ⟩ > φm).
The evolution of the gap-average tangent fluidity ⟨h⟩ as a function of φo is an important quantity
to estimate friction pressure in engineering applications. Figure 8 displays the evolution of ⟨h⟩ from the
Newtonian limit at φo = 0 to the limit of no flow ⟨h⟩ = 0 at φo = ⟨φ⟩plug > φm. It is interesting to
point out that estimating ⟨h⟩ by directly using the shear viscosity as a function of φo in a Newtonian
(parabolic) velocity profile results in a poor approximation. Finally, the corresponding evolution of the
dimensionless effective normal stress −σ′n as a function of φo is also displayed in figure 8. We can again
note that below φo ≈ 0.25, the effective stress appears negligible (−σ′n< 0.25) in line with experimental
observations of Deboeuf et al. (2009); Garland et al. (2013), but it is seen to drastically increase for
φo > 0.5.
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Figure 8: Tangent gap-averaged “fluidity” ⟨h⟩ = the inverse of the mean stress gradient 1/|∇p|SLOT or
2/|∇p|PIPE, when expressed in units of ηfUo/H2 or ηfUo/R2, (left), and effective normal stress −σ′n in
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line) as a function of the entrance solid volume fraction φo. The limiting Newtonian values 1/3 (slot),
1/4 (pipe) of ⟨h⟩ for φo = 0 are highlighted, while the inset displays the behavior of ⟨h⟩ in semi-log in the
region close to φm. The approximations ⟨h⟩ ≈ 13ηs(φo) (slot), 14ηs(φo) (pipe) obtained by directly taking
the relative shear viscosity in a Newtonian parabolic profile are also displayed (light gray continuous
and dash lines).
4.5 Comparison with experiments
We now compare the solution for fully developed flow of suspensions governed by a frictional rheology
to experimental results available in the literature for low Reynolds number flows of neutrally buoyant,
mono-dispersed suspensions in channels and pipes. As previously in figures 5-8, and for the remainder
of this paper, we make use of frictional rheology (15)-(16) with parameters φm = 0.585, µ1 = 0.3, and
β = 0.158, which values were determined from matching with rheological measurements of Boyer et al.
(2011a) and Dbouk et al. (2013b) (see figure 2). We therefore emphasize that no attempts are taken to
“tune” the rheological parameters to the pressure-driven flow experiments data used in the comparisons.
4.5.1 Channel flow
Lyon and Leal (1998a,b) report a series of pressure driven flow experiments at low Reynolds number in
a channel on suspensions of mono-disperse PMMA spheres (2a = 70± 6 µm or 95± 12 µm) in a Triton
X-100/ 1,6-dibromohexane / UCON 75-H oil mixture (ηf = 4.8 Poise). Laser Doppler Velocimetry
(LDV) was used to image both the velocity and solid volume fraction profiles across the channel gap
at a distance sufficiently far from the inlet, where the flow can be considered nearly fully-developed
(see Lyon and Leal (1998a) for discussion, and our estimates of the degree of the flow development
in Table 1). Tracer-particles optical microscopy was used in some of the experiments (Lyon and Leal ,
1998b) and provided better local solid volume fraction measurements compared to those made with the
LDV. In particular, the LDV measurements of the solid volume fraction appear to be inaccurate in the
outer 20% of the gap due to the channel wall effects (Lyon and Leal , 1998b). When presenting these
measurements in figures 9-11, we will show the wall-biased LDV data by a shade of gray to differentiate
from higher-confidence measurements in the core of the flow.
Table 1 summarizes different experimental conditions tested by Lyon and Leal (1998a), which in-
cluded tests at different values of the entrance solid volume fraction, particle size, flow rate, and channel
width. Table 2 lists values of the mean solid volume fraction across the gap obtained from the reported
experimental profiles (by trapezoidal integration) for each series of experiments, as well as the predicted
theoretical values accounting for dilution. The experimental values of ⟨φ⟩ obtained by LDV all appear
smaller than the predicted theoretical values, whereas a good match is obtained for the cases where φ
was measured using the tracer particle method. As discussed in Lyon and Leal (1998b), poor resolution
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Exp. # φo Uo Rep 2H 2a H/a [x/H]exp [Lφ/H] development
- [mm/s] [10−6] [mm] [microns] - - - %
562 (N,△) 0.3 4.7 3.6 1.7 95 18 224 415 81
482 (N,△)
0.4
4.7 1.5 1.7 70 24 280 450 86
483 (◦) 9.1 2.9 1.7 70 24 280 450 86
553 () 4.7 3.6 1.7 95 18 224 244 94
550 (△)
0.5
5.4 12. 1 95 11 380 26
100
551 () 4.7 3.6 1.7 95 18 224 75
575 (◦) 5.4 4.9 1 70 14 380 48
008 () 4.7 1.4 1.7 70 24 220 137
Table 1: Summary of the channel flow experiments of Lyon and Leal (1998a,b): φo is the entrance solid
volume fraction, Uo the entrance velocity (computed from the reported flow rate and slot dimensions of
2H by 2 inches). Rep =
4
3
ρ
ηf
a3
H2Vmax is the particle Reynolds number. The carrier fluid and particles
are density matched (ρ = 1190kg/m3), and ηf = 4.8 Poise. The last three columns show the axial
distance of the measurements from the flow entrance (xexp), the axial distance Lφ at which the flow is
predicted to be 95% developed, and the predicted actual percent of flow development at xexp (based on
the numerical solution for axial flow development of Section 5).
Experiments φo ⟨φ⟩ φw µw −σ′n [Pa] −∂xp [kPa/m]
# Measured Theory Theory
562 (N,△) 0.3 0.28
a
0.267 0.160 11.6 1.27 17.4
0.24
482 (N,△)
0.4
0.38a
0.367 0.238 5.04
4.72 28.0
0.35
483 (◦) 0.32 9.13 54.1
553 () 0.36 4.72 28.0
550 (△)
0.5
0.41
0.477 0.355 2.17
56.3 244
551 () 0.42 29.0 73.9
575 (◦) 0.43 56.3 244
008 () 0.42 29.0 73.9
Table 2: Gap-averaged solid volume fraction ⟨φ⟩ in the channel flow experiments (Table 1) measured
using the LDV (Lyon and Leal , 1998a) and tracer (a, N) particle (Lyon and Leal , 1998b) methods,
and its theoretical prediction. (Underestimation of ⟨φ⟩ when using the LDV method compared to the
tracer-particle and theoretically predicted values is due to the poor resolution of the LDV method near
the channel walls). Theoretical values of the solid volume fraction φw and friction µw at the walls in
the fully-developed flow, measured and theoretical estimate of the normalized velocity width-average.
Different set of experiments for similar injected volume fraction φo.
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Figure 9: Comparison of the theoretical predictions (solid lines) with the experiment of Lyon and Leal
(1998a,b) (Table 1) for channel flow of a suspension with φo = 0.3: scaled velocity profile (top), solid
volume fraction profile measured using the LDV (△) and tracer-particles (N) methods (bottom). (The
solid volume fraction measurements with LDV in the outer 20% of the channel are biased by wall-effects,
and are shown in faint gray). Bar shows scaled particle diameter. Predicted diluted gap-averaged particle
concentration is ⟨φ⟩ ≈ 0.267 (Table 2). Theoretical profiles which neglect dilution, i.e. assume ⟨φ⟩ = 0.3,
are also shown by dashed lines.
of particles by the LDV technique close to the channel walls explains the observed differences of the
⟨φ⟩-values. In addition, Table 2 lists theoretical predictions for other essential parameters describing the
flow for different experiments series, such as wall values of the stress ratio and solid volume fraction (the
latter parametrizes the normalized solution for fully-developed flow), the particle normal stress, and the
total pressure gradient.
The velocity profiles reported by Lyon and Leal (1998b) were scaled by the maximum (centerline)
velocity for a Newtonian flow profile with an identical flow rate (i.e. Vmax = 3/2 ⟨vx⟩). The theoretical
prediction follows in the form of:
vx
Vmax
=
2
3
h(φ(y))
⟨h⟩
where φ(y), h(φ), and ⟨h⟩ are given in sections 4.1 and 4.2 as functions of a single parameter, φw or
µw = µ(φw). The latter is a unique function of the entrance concentration φo given by (43-44), and
plotted in figure 5.
Figures 9, 10, and 11 display the comparison between the experimental and theoretical profiles of
the scaled velocity and the solid volume fraction for φo = 0.3, 0.4, and 0.5, respectively. The profiles
predicted assuming zero dilution (i.e. ⟨φ⟩ = φo) are also shown for comparison (dashed lines). Particle
sizes used in various experiments are also shown.
The experimental and theoretical velocity profiles agree very well for all three entrance solid volume
fractions tested: the predictions are actually within the experimental measurements error. The frictional
suspension rheology is notably able to correctly predict the development of the plug region at the channel
centerline as the entrance solid volume fraction increases (see dotted lines marking the predicted plug
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Figure 10: As in figure 9 but for φo = 0.4 (predicted diluted ⟨φ⟩ = 0.367).
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Figure 11: As in figure 9 but for φo = 0.5 (predicted diluted ⟨φ⟩ = 0.477).
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φo ⟨φ⟩ φw µw −σ′n [Pa] −∂xp [kPa/m]
Measured Theory Theory
0.2
0.17a
0.179 0.137 16.1
6.6 16.7
0.16b 3.3 4.2
0.3
0.27a
0.272 0.210 6.51
24 24.5
0.25b 12 6.1
0.45
0.41a
0.425 0.350 2.24
90 71
0.41b 45 17.7
Table 3: Gap-averaged solid volume fraction ⟨φ⟩ in the pipe flow experiments measured using the NMR
method (Hampton et al., 1997), and the corresponding theoretical prediction (independent of particle
size). The two different sets of experimental conditions correspond to (a) 2R = 25.4 mm, a/R = 1/39;
and (b) 2R = 50.8 mm, a/R = 1/16. We also give theoretical predictions of the solid volume fraction
and the stress ratio at the pipe wall, as well as the particle normal stress and the total pressure gradient
for an assumed value of the average flow velocity (Uo = 100 mm/s).
boundaries).
Examination of the solid volume fraction profiles show a striking overall agreement between the theory
and experiment, when the optical particle-tracking method was used to measure φ (see N-symbols in
figures 9 and 10 for φo = 0.3 and 0.4, respectively). The discrepancy near the center of the channel for the
case with φo = 0.3 stems from the loss of the continuum approximation there, as the particle size in this
experiment is about twice the predicted size of the central plug (figure 9). Remarkably, examination
of the case with φo = 0.4, where the experimental φ-profile (obtained using optical particle-tracking
method) is matched by the theoretical profile everywhere in the gap, including the central plug region,
which predicted width spans only about one particle diameter. In the other words, it appears that the
continuum approximation for this type of flow holds down to the scale of a single particle.
Comparison to the LDV measured φ-profiles shows expected discrepancy in the outer (adjacent to
the wall) region of the flow, due to the previously discussed limitations of the LDV method there.
Away from the walls, LDV φ-profiles, although more scattered than the tracer-particle profiles, are in
a reasonable agreement with the theory. The most notable deviation from the theoretical φ-profile is
observed in the core of the flow with φo = 0.5 (figure 11), where high experimental values of the particle
concentration (for some measurements, exceeding the random-close-packing value) may be indicative of
partial crystallization in the mono-dispersed suspension.
4.5.2 Pipe Flow
Experimental investigations of suspension flow in a pipe have been performed by Karnis et al. (1966);
Cox and Mason (1971); Sinton and Chow (1991) among others. Here, we focus on the results obtained
by Hampton et al. (1997) using Nuclear Magnetic Resonance (NMR) method. They conducted mea-
surements in the flow of mono-dispersed (2a = 3175 µm) and slightly polydispersed (650 ± 110 µm)
suspensions of PMMA spheres in pipes with internal diameter 2R = 50.8 mm and 25.4 mm, respec-
tively, at various values of the entrance solid volume fraction. Tested particle-to-pipe radius ratios were
a/R = 1/16 and 1/39, respectively. The liquid solution of UCON oil (H-9500), polyalkylene glycol and
tetrabomoethane with a reported viscosity of 2.1 Pa·s was used as the carrying fluid.
Velocity and solid volume fraction profiles for three different values of the entrance solid volume
fraction (φo = 0.2, 0.3, and 0.45) are compared in figure 12 to the theoretical predictions based on the
frictional rheology. Scaled radii of small and large particles are also indicated.
Similar to the comparisons drawn for channel flow in the preceding section, the theoretical velocity
profiles for pipe flow are in excellent agreement with the experimental results, especially so for the
suspensions with the smaller particle size (△). The only notable discrepancy between experimental
and theoretical velocity profiles is observed for the suspension with the larger particle size (◦) at the
highest solid volume fraction (φo = 0.45) studied experimentally. This may have resulted from partial
crystallization of the mono-dispersed suspension in the high concentration flow (as measured φ-values
in this case slightly exceed the theoretical ones in the bulk of the flow, see bottom plot of figure 12).
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Figure 12: Comparison of the theoretical predictions (solid lines) of the scaled velocity (left) and solid
volume fraction (right) profiles with experiments of Hampton et al. (1997) for pipe flow of suspensions
with φo = 0.2 (top), φo = 0.3 (middle), and φo = 0.45 (bottom) and two different particle-to-pipe radius
ratios, a/R = 1/39 (△) and 1/16 (◦). Bars show scaled values of the particle radius in the experiments.
Dotted lines show the predicted plug boundary. Theoretical values of the diluted, gap-averaged particle
concentration are ⟨φ⟩ = 0.179, 0.272, and 0.425 for φo = 0.2, 0.3, and 0.45, respectively (Table 3).
Theoretical predictions which neglect dilution are also shown (dashed lines) for comparison.
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The experimental solid volume fraction profiles compare well with the theoretically predicted ones
with the exception of a particle-size boundary layer at the pipe’s wall, where experimental values are
lower. Gap-averaging of the fully-developed experimental profiles indicates dilution from the correspond-
ing entrance values, and compares well to the predicted values of ⟨φ⟩ (Table 3).
Similarly to our observations for channel flow, measured φ-values near the axis of the pipe agree very
well with the predicted values when the (predicted) plug diameter exceeds the particle size, rplug > a,
(see the cases with the smaller particle size for φo = 0.2 and φo = 0.3, and the case with either large
or small particles for φo = 0.45, figure 12). When the predicted plug size is smaller than the particle
size (rplug < a), the experimental φ-profile is flattened (compared to the theoretical prediction) over a
particle-sized region which embeds the predicted plug (see the cases with the larger particles size for
φo = 0.2 and φo = 0.3, figure 12).
It is also interesting to observe an approximate linearity of the solid volume fraction profile within
the central plug when the latter is resolved on a particle scale (rplug > a), e.g. for all cases with the
smaller particles (figure 12). Such a linear compaction is captured by the proposed rheology, which
extends the linear relation between the solid volume fraction and the stress ratio from the dense flowing
regime into the fully-jammed state.
5 Axial flow development
We now examine the axial development of the flow from the inlet of the channel toward its fully-developed
state.
5.1 Numerical Solution
Setting δ = a/H to zero, the solid continuity equation (27) together with the expression for the cross-
component of the relative flux (26) become
1
φ
dφ
dt
=
∂qy
∂y
, qy= −κ(φ)
∂σ′yy
∂y
(45)
where d/dt = vx∂/∂x+ vy∂/∂y for a steady flow (∂/∂t = 0). The solid volume change can be related to
that of the stress ratio µ = −τ/σ′n via the inelastic “compressibility”dφ/dµ, defined by a unique function
of the stress ratio across jammed (0 < µ < µ1) and flowing (µ > µ1) states of the suspension (figure
4). This leads to a specialization of (45), which can be viewed as a non-linear consolidation equation in
terms of the particle normal stress σ′n,
S(φ)
σ′n
dσ′n
dt
− S(φ)
τ
dτ
dt
=
∂qy
∂y
, qy = −κ(φ)∂σ
′
n
∂y
, (46)
where
S(φ) = −µ
φ
dφ
dµ
> 0 (47)
is the inelastic storage coefficient.
The reduced (δ = 0) form of the mixture continuity equation (28) is:
∂vx
∂x
+
∂(vy + qy)
∂y
= 0 (48)
Continuity equations (46-48), momentum balance, τ = |∇p|y (equation (32)), and the expression
∂vx
∂y
= σ′n I(−τ/σ′n), (49)
where I(µ) is the rheological dependence of I(φ) (equation (16)) on µ(φ) (equation (15)), are solved
numerically together with the boundary conditions (29-30) for the axial development of the unknown
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particle normal stress σ′n(x, y), particle velocity components vx(x, y) and vy(x, y), and the total pressure
gradient |∇p(x)| with x ≥ 0 and 0 ≤ y ≤ 1 (using the channel symmetry).
We start with formulating the entrance conditions (x = 0) for the unknowns. For a uniform particle
concentration profile at the flow entrance, φ(x = 0, y) = φo, we have for the particle stress and velocity
there
−σ′n =
|∇po| y
µo
, vx = −
ˆ 1
y
σ′nIody = |∇po|
Io
µo
1− y2
2
at x = 0, (50)
respectively, where µo = µ(φo) and Io = I(φo) are the corresponding rheological values of µ and I.
Given the gap-average value vo = 1 of the entrance velocity, we find the entrance value of the mean
stress gradient to be
|∇po| = 3µo
Io
(51)
We adopt the following iterative approach to the numerical solution.
• At the start (the zeroth iteration), all unknowns are assigned to their entrance values (50-51), i.e.
v
(0)
x (x, y) ≡ vx(x = 0, y), σ′(0)n (x, y) ≡ σ′n(x = 0, y), etc, except for the mean stress gradient, which
initial guess is assigned to vary smoothly along the channel from the entrance value |∇po|, (51),
to the fully-developed value |∇p∞| = 1/ ⟨h⟩ (Section 4) at the end x = xend of the computational
interval. The latter is chosen to be a finite multiple of our estimate of the flow development length,
as discussed below in Section 5.3. The partial differential equation (46) is then solved for the 1st
iteration of the particle stress, σ
′(1)
n (x, y), using the method of lines PDE solver (Mathematica, ver.
9). Corresponding numerical error can be assessed from contrasting the left and right hand sides
of the consolidation equation (46), which can be evaluated from the obtained solution at various
channel cross-sections (see figure 1 of the supplementary materials). The error is generally not
discernible across the entire channel width with the exception of a one discretization step thick
(∼ 0.01 for solutions reported here) region at the channel center.
• The 1st iteration of the mean stress gradient, |∇p(1)(x)|, is then found from applying the global
continuity condition ⟨vx⟩ = 1, where the gap-averaged velocity can be evaluated with the help of
(49) as
⟨vx⟩ = −
ˆ 1
0
σ′n I
( |∇p| y
−σ′n
)
y dy (52)
In order to solve the resulting integral equation for |∇p| we use a sub-iterative procedure
|∇p(next)| = 1⟨vx⟩(prev.)
|∇p(prev.)| (53)
where “next” and “prev.” refer to successive sub-iterations on |∇p|, and ⟨vx⟩(prev.) is given by (52)
evaluated at |∇p| = |∇p(prev.)|.
• Once |∇p(1)|, τ (1) = |∇p(1)|y and µ(1) = −τ (1)/σ′n are at hand, we recover the 1st iterations of the
particle concentration, φ(1)(x, y) from the rheological relations (15)-(16), and of the axial velocity
v
(1)
x (x, y) (by integrating (49)), respectively. The 1st iteration of the cross-velocity v
(1)
y (x, y) follows
from integrating in y the mixture continuity (48), where the relative cross-flux is given by q
(1)
y =
−κ(φ(1))(∂σ′(1)n /∂y).
The above three steps are repeated until the iterations converge. We assess the convergence using
the gap-average of the particle concentration in the fully-developed part of the flow (at large enough
distances x from the entrance), specifically requiring | ⟨φ⟩(i)−⟨φ⟩(i−1) | < 10−4×φo to stop the iterations.
We found that using a weighted average between the last two iterations (e.g., 0.75v
(i−1)
x + 0.25v
(i−2)
x )
to compute the next (ith) iteration improves the iterations stability and convergence rate. Similarly,
in sub-iterative procedure of step 2, we have settled on a similar “weighted” modification of (53). We
found a typical number of iterations required for the convergence to vary from the minimum of 2 to the
maximum of 12-14, with larger numbers corresponding to larger values of the entrance concentration.
24
Solid volume fraction  𝜙
𝜙o = 0.3
𝜙o = 0.4
𝜙o = 0.5
x/(H3/a2)
y/H
x/(H3/a2)
y/H
y/H
Channel
0                   0.2                  0.4                𝜙m
Channel
0.5      1       2          5      10     20       50
Particle normal stress -σn′ (in units  ηfUo/H)
Figure 13: Development of the flow in a channel of half-width H for three different entrance values of
the solid volume fraction, φo = 0.3, 0.4, and 0.5. (left) Evolution of the solid volume fraction. (right)
Evolution of the particle normal stress −σ′n in units of ηfUo/H.
The described numerical method is readily transportable to pipe flow. In the following, we therefore
present results pertaining to both channel and pipe flow development.
5.2 Examples
As stipulated earlier, we use the constitutive rheology (15)-(16) with parameters φm = 0.585, µ1 =
0.3, and β = 0.158, and Richardson-Zaki expression for the flow hindrance function with laboratory-
determined exponent α = 5.1 (i.e. f(φ) = (1 − φ)5.1). Corresponding numerical solutions for axial
development of the solid volume fraction φ and the particle normal stress −σ′n in a channel and a
pipe are visualized on figures 13 and 14, respectively, for three different values of the entrance particle
concentration (φo = 0.3, 0.4, and 0.5). Corresponding profiles of vx, φ, and −σ′n in a number of flow
cross-sections (x = 10−3, 0.01, 0.1, and 1) are shown on figures 2, 3, and 4 of the supplementary
materials.
Figure 15 shows development of the solid volume fraction, the gap-averaged and wall values thereof,
for various entrance conditions, and figure 16 shows similar development of the mixture pressure gradient
driving the suspension flow. Flow in a pipe is seen to develop significantly faster than flow in a channel
of equivalent half-width (i.e. with H = R). This observation is further quantified below.
5.3 Development length
We expect the normalized axial flow development length to scale with the gap-averaged normalized axial
velocity (vo = 1) divided by the normalized diffusivity coefficient D (equation (46)), e.g.,
Ldev =
1
4 ⟨D⟩ , D =
(−σ′n)κ(φ)
S(φ)
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Figure 14: Development of the flow in a pipe of radius R for three different entrance values of the solid
volume fraction, as in figure 13 for channel flow.
To specialize the latter, we choose to evaluate ⟨D⟩ at the channel entrance, where solid volume fraction
is uniform and the corresponding expressions for the particle normal stress and the axial velocity are
given by (50) and (51), yielding the normalized development lengthscale expression
Ldev =
1
6
I(φo)S(φo)
κ(φo)
(54)
in terms of the normalized permeability κ(φ) = 2f(φ)/9φ, inelastic storage coefficient S(φ) = −(µ/φ)(dφ/dµ)
(equation (47)), and the viscous number I(φ).
Corresponding dimensional diffusivity and development lengthscale can be readily recovered from
the normalized expressions above using units H2/t∗ = UoH3/a2 (diffusivity), τ∗ = ηfUo/H (mean
particle stress), and L = H3/a2 (axial length), (equations (18-22)):
Ldev = Uo
H2
4 ⟨D⟩o
=
H3
a2
I(φo)S(φo)
6κ(φo)
, D =
a2κ(φ)
ηf
(−σ′n)
S(φ)
(55)
To track flow development, we make use of a measure (Hampton et al., 1997)
Ep(x) = ⟨|φ(x, y)− φo|⟩ /φo (56)
of the non-uniformity of the solid volume fraction profile, which varies from zero at the flow entrance
to the maximum, fully-developed value away from the entrance. Figure 17 contrasts Hampton et al.’s
measurements of Ep for a suspension system with φo = 0.45 at various stages of the flow development to
our numerical predictions for Richardson-Zaki (α = 5.1) permeability. The match between the theory
and the experiment is remarkable, in that no constitutive parameters have been adjusted from their
values, as determined from independent sets of rheological experiments.
Now we seek a similar comparison for the development length. Following Hampton et al. (1997) (see
alsoMiller and Morris (2006)), we define the 95% development length, Lφ, for the particle concentration
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Figure 15: Development of the wall and gap-average values of the solid volume fraction with axial
distance from the entrance in the channel (solid line) or pipe (dashed line) flow. Distance x is in units
of (H3/a2 or R3/a2), and xSLOT is scaled by prefactor 1/2. It is evident that the particle concentration
in the pipe flow with radius R develops approximately twice as fast as it does in the slot with half width
H = R for identical particle size a. Results are for values of entrance concentration φo =0.05, 0.2, 0.4,
0.55 (left) and φo =0.1, 0.3, 0.5 (right), corresponding to the intercepts with the φ- axis.
fo=0.55
fo=0.5
0.4
0.3
0.2
0.1
0.05
slot
pipe
10-5 10-4 10-3 10-2 10-1 100 101
101
102
103
0.5 xSLOT , xPIPE Hin units H3êa2LH8ê3L
»—sSLO
T ,
»—sPIPE
Hunitsh
fU
oêH2 L
p  
    
    
    
 p
Figure 16: Development of the total pressure gradient in units of ηfUo/H
2 or ηfUo/R
2 with axial
distance from the entrance in the channel (solid line) or pipe (dashed line) flow. The total pressure
gradient in the channel |∇p|SLOT is scaled by prefactor 8/3, such that (8/3)|∇p|SLOT = |∇p|PIPE at the
channel/pipe entrance when H = R. Distance x is in units of H3/a2 or R3/a2, and xSLOT is scaled by
prefactor 1/2.
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Figure 17: Numerical predictions for the evolution of number Ep quantifying the non-uniformity of
solid volume fraction profile (maximum Ep corresponds to the fully-developed flow) for φo = 0.45,
contrasted with the experimental data of Hampton et al. (1997) for the system with a/R = 1/39. The
solid line corresponds to the predictions for the Richardson-Zaki permeability function with exponent
α = 5.1 derived from numerous independent sedimentation experiments (see figure 1, and Garside and
Al-Dibouni (1977); Davis and Acrivos (1985)), while opaque lines show predictions for other values of
α used in the previous numerical modeling of suspension flow development.
profile as the minimum distance from the flow entrance where Ep is within 5% of its fully-developed
value. We show on figure 18a that, for Richardson-Zaki (α = 5.1) permeability, the numerical solutions
for the entire range of solid volume fraction are well approximated by
Lpipeφ ≈ 0.5× Lslotφ ≈ 1.136Ldev
with Ldev given by (55) in which R replaces H for the case of a pipe. Hampton et al.’s development
data for pipe flow for the system with a smaller particle size (filled circles) is in excellent agreement with
numerical model predictions. The experimentally observed development length for suspensions of large
particles (filled triangles) deviates upward of the theoretical prediction whenever the predicted central
plug width is smaller than the particle size (see figure 12 for comparison of predicted values of plug
width to a particle size), or, in other words, when the continuity approximation fails on the scale of the
plug.
Figure 18b reproduces the results of figure 18a but in semi-log scale, which allows to better track
vanishing development length in the dense regime, when the entrance concentration φ0 approaches its
maximum flowing value. Development length predictions for other values of Richardson-Zaki exponent
(α = 2 and α = 4), as used in some previous studies of suspension flow (Morris and Boulay , 1999; Miller
and Morris, 2006), are also shown on figure 18b for comparison. For example, the predicted development
length based on an artificially-high permeability with α = 2 is only a small fraction ≈ (1 − φ)3.1
of the development length based on the experimentally-validated permeability with α = 5.1. The
underestimation by the former is particularly severe in the dense regime, e.g. by factor of ≈ 9 for
φo = 0.5.
Examination of similarly defined 95% development length L∇p for the driving total pressure gradient
(shown as a fraction of Lφ on figure 19) suggests that the total pressure gradient develops somewhat
faster than the concentration profile, consistent with the previous prediction with suspension balance
models (e.g. Miller and Morris, 2006).
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Figure 18: (a) Development length for the particle concentration profile, Lφ in units of (H
3/a2 or
R3/a2), as a function of entrance particle concentration φo. (Richardson-Zaki exponent α = 5.1.)
The development length for the pipe flow is approximately half of that for the slot flow. The open
symbols show the numerical solutions, and the solid line shows an approximation based on the apparent
diffusivity, Lpipeφ ≈ 0.5×Lslotφ ≈ 1.136Ldev(φo) (equation (54)). The filled circles and triangles show the
data of Hampton et al. (1997) for two systems, with smaller R/a ≈ 39 and larger R/a ≈ 16 particles,
respectively. (b) Same as (a) but in log-linear scale, to examine vanishing development length in the limit
of large solid volume fraction. Development length of the numerical solutions for pipe flow characterized
by other (than α = 5.1) values of Richardson-Zaki exponent and corresponding approximation using
equation (54) are also shown by small open circles and opaque lines, respectively.
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6 Discussion
The theoretical predictions for the fully-developed flow based on the frictional suspension rheology are
in excellent agreement with the experimentally measured fully-developed velocity and volume fraction
profiles for both pipe and channel geometries (Lyon and Leal , 1998a; Hampton et al., 1997). In particular,
the radius / half-width of the central plug is very well predicted in all cases. These predictions of the
experimental responses are to be compared with the ones obtained on the same set of experimental
data using suspension balance models. Among those, Miller and Morris (2006) and Fang et al. (2002)
predict no discernible plug, which is likely due to an unrealistically large (in excess of the random close
packing limit) value of φm assumed in these studies. A finite plug, albeit still of a smaller size than that
observed in the experiments of Hampton et al. (1997), is predicted from suspension balance modeling
by Ramachandran (2013), who used a more plausible (below the random close packing limit) value of
φm.
Another interesting point that arises from the comparisons of the predicted and experimentally ob-
served fully-developed profiles relates to the limit of validity of the continuum (macroscopic) assumption.
As already mentioned in section 4.5, the experimental solid volume fraction in the plug are in agreement
with the continuum theory as long as the plug width is larger than at least one particle. Similarly for
the case of the pipe flow (imaged by NMR), the predictions of the solid volume fraction close to the
wall are in good agreement with experimental values at a distance from the wall larger than one-to-two
particles. In other words, the continuum theory can resolve the flow relatively accurately at a scale of
a single particle. It is clear that in dilute cases (for low φo), the size of the plug is eventually getting
smaller than the particle size. In this case, one would have, therefore, to introduce the latter as an inter-
nal lengthscale in the constitutive description, effectively making it non-local (e.g., Miller and Morris,
2006).
It is worthwhile to recall that all of the experiments investigated here are characterized by a value
of the gap width of at least ten particle wide, and by a plug size of at most 20% of the gap width
(as in the case of φo = 0.5, see figure 11). From the quality of the agreement obtained between the
predictions based on a local rheology and the experiments, we can conclude that non-local effects may
not be important in the considered cases. These effects may become important for larger values of the
particle-to-gap or/and plug-to-gap ratios, i.e. for bulk concentration values φo closer to φm than those
studied experimentally by Lyon and Leal (1998a) and Hampton et al. (1997). It would be particularly
interesting to further test our proposed extension of the frictional rheology to the non-flowing state, in
the form of the linear relation between the stress ratio µ and the solid volume fraction φ, to cases where
φo is closer to φm (e.g., for φo = 0.55 and higher), as well as for larger values of the particle-to-gap ratio.
To our knowledge, we predict for the first time the axial development of the flow (e.g. “entrance”
length) and the fully-developed flow measured in pipe and channel experiments (Hampton et al., 1997;
Lyon and Leal , 1998a) using a model which is devoid of any fitting parameters. Specifically, this model is
completely defined by the normalized permeability κ(φ) (or hindrance f(φ)), friction µ(φ), and viscous
number I(φ) functions derived from independent experimental data sets: Garside and Al-Dibouni (1977)
and Davis and Acrivos (1985) for the hindrance function, and Boyer et al. (2011a) for frictional rheology.
In some previous studies, Miller and Morris (2006) used a suspension-balance model with an artificially
large value of the jamming solid volume fraction (φm = 0.68 instead of ∼ 0.6), artificially low value of
the near jamming friction coefficient (µ1 ≈ 0.13 instead of ∼ 0.3) and an artificially high permeability
(corresponding to the hindrance function of Richardson-Zaki form with an exponent α = 2 instead of the
experimental value ∼ 5) to solve for axial flow development. The permeability/hindrance function they
have used is 1/(1− φ)3 times higher than the experimentally measured one. For example, for φ = 0.45,
this permeability exaggeration factor is 6. On the other hand, the inelastic storage factor dφ/dµ in their
model is also exaggerated. The two exaggerations partially “neutralize” each other in the expression for
the diffusivity and therefore in their predicted development length.
7 Conclusions
Using a local continuum formulation based on the frictional constitutive law similar to the one proposed
by Boyer et al. (2011a), we have revisited confined, pressure-driven Stokesian suspension flow in a
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channel and a pipe. We have obtained an analytical solution for the fully developed flow which exhibits
the transition from Poiseuille to plug flow with increasing solid concentration, thanks to the particle
pressure dependent yield stress of the frictional rheology. The theoretical fully-developed solid volume
fraction and velocity profiles agree very well with experimental data available in the literature for these
flows without any adjustment of the constitutive parameters obtained from independent rheological
experiments in an annular shear cell (Boyer et al., 2011a). Slight mismatches of the solid volume fraction
profile are observed when the size of the predicted plug is lower than about one particle diameter, i.e.
when the continuum approximation is breaking down in the jammed part of the flow. It is particularly
striking that a continuum description can resolve the flow down to the scale of one particle.
A modification of the original constitutive law of Boyer et al. (2011a) has been proposed in order to
avoid an unphysical behavior of the plastic compressibility coefficient β = −dφ/dµ close to the jamming
limit. The proposed modification resolves a slight inconsistency in Boyer et al.’s formulation by ensuring
the dominance of the contacts over the hydrodynamics contributions to the macroscopic friction in the
dense regime. This modification does not affect the fully developed solution (figure 6) to any significant
degree for injected volume fraction lower than 0.55.
We also proposed to extend the linear plastic “compressibility” between the solid volume fraction φ
and the stress ratio µ into the jammed part of the flow (i.e. when φ > φm and µ < µ1), and obtained
φ ≈ φrcp when µ ≈ 0. This type of linear compaction in non-flowing regions appears to be present within
the central plug in the existing pipe and channel flow experiments. It may be enabled by microscopic
velocity and particle pressure fluctuations (similar to tapping or cyclic deformation applied to compacting
static granular packs (e.g. Knight et al., 1995; Pouliquen et al., 2003)) originating, in this case, from
the surrounding flowing material. This stress-ratio-dependent compaction in the non-flowing part may
be linked, by extension, to the dilation property of flowing (sheared) suspensions and dry granular
materials, where φ decreases with the increase in the applied stress ratio µ > µ1. We conjectured,
that this dilation property is preserved in the non-flowing part, where the stress ratio is below the flow
threshold (µ < µ1), if an external energy source, e.g. in the form of velocity/pressure fluctuations
originating from the surrounding flowing material, is present in order to facilitate microscopic, “in-cage”
particle rearrangements, within the jammed pack. It is worthwhile to note that such an extension of the
frictional rheology to the jammed state as well as the solution framework for the fully-developed flow
can be directly transferred to the case of a dry, frictional granular media.
The compaction in the plug impacts the suspension velocity for values of the entrance solid vol-
ume fraction above 0.55, allowing flow of denser suspensions with maximum gap-average exceeding the
jamming threshold φm, i.e. max ⟨φ⟩ = (φm + φrcp)/2 for the channel and (2φm + φrcp)/3 for the pipe
flow.
The axial development of the flow has been solved numerically. The entrance length of the flow in
channel and pipe is a function of the fluid permeability / sedimentation hindrance function governing
the relative phase slip and of the compressibility coefficient. Our numerical results compare well with
existing experimental data for pipe flow when using the accepted values of the parameters of known
phenomenological models (e.g., Richardson-Zaki phenomenology). We notably predict that the entrance
length is longer for dilute suspensions, and about twice longer in slot compared to pipe flow. Departure
from the continuum assumption in experimental flows with larger particles size (which we ascertain to be
the case when the predicted plug size is smaller than one particle diameter) is manifested by an increase
of the experimentally-observed development length over the prediction. Another mechanism which
may potentially contribute to longer-than-predicted development length corresponds to the relaxation
/ compaction timescale for the jammed plug (which can be related to the number and magnitude of
velocity fluctuations required to compact the plug, analogous to the number and magnitude of taps
required to relax a static granular pack).
More experimental investigations are needed in order to further test the continuum description of
these confined flows. In particular, the case of a higher entrance solid volume fraction (φo > 0.55) needs
to be investigated experimentally in order to further check whether the proposed extension of the plastic
compressibility in the jammed state (φ > φm) is indeed relevant. Finally, the regime of a larger ratio of
the particle size over the channel width, a/H, which is relevant for some applications, also needs to be
further addressed both experimentally and theoretically.
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A Fully-developed flow in a pipe
A.1 Scaling and normalized solution
There is no particular difficulty in extending the solution for channel flow to the pipe geometry. In
particular, the zero-order problem is very similar. We consider a pipe of radius R and characteristic
axial length L. We are interested in the case where δ = R/L is small. As before, the coordinates in the
x and r direction are scaled with respect to L and R respectively. We assume an axi-symmetric flow
independent of the azimuthal position θ. The scaling of the velocity and stress component are similar
to that of the channel:
t∗ =
L
U0
x∗ = L r∗ = R (vx)∗ = U0 (vr)∗ = δU0 γ˙∗ =
U0
R
(57)
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shear stress (τ∗), particle stress (p′∗), fluid pressure (p
f
∗), and mixture pressure (p∗) scale
τ∗ = p′∗ =
ηfU0
R
p∗ = pf∗ =
τ∗
δ
(58)
and relative phase flux scale
q∗ ≡ a
2
ηf
pf∗
L
=
( a
R
)2
U0 (59)
It is possible to show that the balance and continuity equations have similar form as in the channel case,
accounting for the proper differential operator in polar coordinates and assuming negligible normal
stress difference σ′rr − σ′θθ ≈ 0. The latter assumption approximately holds for dilute suspensions, but
breaks down for concentrated ones (e.g. Couturier et al., 2011; Zarraga et al., 2000). The fully-developed
solution framework developed here can be extended to account for the normal stress difference, and will
be pursued elsewhere.
The similar arguments as those for the channel geometry can be made for the axial development
length in the pipe flow by looking at the first order terms in δ, which lead to the choice of development
lengthscale L = R3/a2.
The shear rate is simply γ˙ = |∂vx/∂r| and the shear stress τ = τxr. Following the same method as
for the channel flow, we obtain after use of the symmetry and boundary conditions:
τ =
1
2
∣∣∣∣∂p∂x
∣∣∣∣ r
p = p(x) pf = pf (x)
In the flowing part, we can write τ/(−σ′n) = µwr, where
µw = µ(φw) =
1
2
|∂p/∂x|
−σ′n
is the wall friction and φw is the wall value of the solid volume fraction. The friction and solid volume
fraction profiles then follow in the form identical to that of the channel:
µ(φ(r)) = µwr (60)
The shear rate can then be expressed as
∂vx
∂r
= −1
2
I(φ(r))
µw
× ∂p
∂x
which upon integration using the no-slip condition at the wall yields
vx(r) = −h(φ(r))
2
× ∂p
∂x
(61)
where the function h(φ) is exactly the same function as for the channel flow (see Eq. (38)).
A.2 Cross-sectional averages
The cross-section averages are slightly different than for channel flow due to the difference in the flow
geometry: ⟨·⟩ = 2 ´ 1
0
(·)r dr. The average velocity becomes:
⟨vx⟩ = −⟨h⟩
2
× ∂p
∂x
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where, similarly to the channel case, integrating separately over the plug and the flowing part, and using
substitution dr = dµ/µw in the latter, we can obtain
⟨h⟩ = 1
µ4w
ˆ φw
φm
I(φ)µ2(φ)
dµ
dφ
dφ (62)
The gap-average of the solid volume fraction is obtained as:
⟨φ⟩ = 2
µ2w
ˆ φw
φrcp
φµ(φ)
dµ
dφ
dφ =
µ21
µ2w
⟨φ⟩plug +
2
µ2w
ˆ φw
φm
φµ(φ)
dµ
dφ
dφ, ⟨φ⟩plug = φm +
βµ1
3
(63)
Finally, we evaluate the entrance concentration as a function of the wall friction in the fully-developed
pipe flow
φo =
⟨φvx⟩
⟨vx⟩ =
2
µ2w ⟨h⟩
ˆ φw
φrcp
φh(φ)µ(φ)
dµ
dφ
dφ (64)
where h(φ) and ⟨h⟩ are given by (38) and (62), respectively.
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